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ABSTRACT 
Completely flat Banach spaces (i.e. Banach spaces having a spanning centrally symmetric closed 
curve in the unit sphere with length 4), are characterized as spaces ‘between’ the two classical 
examples Li [0, l] and C, [0, 11. Some applications are given. 
1. INTRODUCTION 
The main purpose of this note is to characterize any completely flat Banach 
space as a completion of L, [0, l] with a norm satisfying certain conditions. 
The largest and smallest admissible norms yield the ‘classical’ ([2], [3]) 
examples L, [0, l] and C, [0, I] (the subspace of C[O, l] consisting of the 
functions with opposite values in 0 and 1). We use ideas of A. Bick ([l]) and 
L.A. Karlovitz ([6]). 
2. PREREQUISITES 
The field of scalars will always be R. If X is a normed space, then B(X) 
denotes its unit ball {xEX: ilxll~ l}, S(X) its unit sphere {xEX: I(xIJ = l}, and 
X* its dual space. The canonical bilinear form on XxX* is denoted by ( . , . >. 
DEFINITION 2.1. Let X be a Banach space, and let g : [0, 1] -+X satisfy 
(1) llg(t)/I = 1 0 E IO, ll), 
(2) t?(l) = -g(O), 
(3) llm-mI5w-~l c%f~ KA 11). 
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Then the pair (X, g) is called a j7at Banach space. If span g[O, l] is dense in X, 
then (X,g) is called a completely flat Banach space. 
REMARK 2.2. In the usual terminology, a Banach space X is called [com- 
pletely] flat if there exists a g : [0, l] +X such that (X, g) is [completely] flat 
according to our definition. 
REMARK 2.3. The function g : [0, l] +X can be extended to a function g : R--+X 
by 
(4) g(t+ l)= -g(t) (tElR). 
Then g has period 2, and (1) and (3) hold for all s, te R. (Indeed, if e.g. 
Ocs<l<t<2, then Ilg(t)-g(s)II(Ilg(t)-g(l)ll+Ilg(l)-g(s)II.)Inthesequelwe 
shall sometimes use this extension without further mention. 
Note that we could also have defined g on a circle with length 2. (Identify 
points of R with distance 2.) 
In fact we know more than formula (3): 
PROPOSITION 2.4. If (X,g) is a flat Banach space, then 
(5) IIgW-ds)II =2/t-4 (.%f~ P, 11). 
PROOF. Suppose e.g. that SI t. Then, by (l), (4) and (3), 
2= Ilg(O-a- 1111~ II&)-!mII + II&)-go- l)ll~ 
5 Ilg(O-g(s)11 +26-t+ l), 
so 
llg(O-mll rw-4. 0 
REMARK 2.5. From (l), (4) and (5) it follows that g[O, 2) is a simple, closed, 
centrally symmetric curve in S(X), with length 4 (i.e. the supremum of the 
lengths of all inscribed polygons). Such a curve is called a girth curve [spanning 
girth curve if (X, g) is completely flat]. Clearly, flatness can also be defined by 
the existence of a girth curve. 
If (X,g) is a flat Banach space, the symbol g*(t) will always denote an 
arbitrary support functional in g(t), i.e. 
(6) W),g*@)> = Ilg*(Oll = 1 (fe P.4 11). 
We shall presently see that if (X,g) is completely flat, then for any t E [0, l] 
precisely one such support functional exists, so that we have a uniquely defined 
function g*: [0, 1 J-+X*. 
PROPOSITION 2.6. (a) Let (X,g) be a flat Banach space. Then 
(7) (g(s),g*(t)) = 1-2lt-sI 6, tE P, 11). 
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(b) If, moreover, (X,g) is completely flat, then g*(t) is unique for each 
t E [0, l] (so g(t) is a smooth point of B(X) and g*(t) is an extreme point of 
B(X*)), and g* is a homeomorphism from [0, l] into X* with the weak*- 
topology. 
REMARK 2.7. Like g (Remark 2.3), also g* can be extended to a function 
g*: lR+X by 
(8) g*(t+ l)= -g*(t) (tER). 
Then (6) holds for all t E IR, and (7) with 1 instead of = holds for all s, t E IR. 
If (X,g) is completely flat, g*(IR) is homeomorphic to a circle. 
PROOF OF PROPOSITION 2.6. (a) By (5) and (6), we only have to prove that 
(g(t) - g(s), g*(t)) r 21 t - ~1. For this, we can repeat the proof of Proposition 2.4 
applying g*(t) instead of the norm. 
(b) For any t E [0, 11, the values of g*(t) are fixed on all g(s) (SE [0, l]), by 
(7), and therefore on X= span g[O, 11. That g(t) is smooth and g*(t) is extreme 
now follows immediately. 
By (7), for any XE span g[O, 11, the function t++ (&g*(t)) is continuous, and. 
since span g[O, I] is dense in X, and g*[O, l] is norm-bounded, this implies that 
g* is w*-continuous. Since, by (7), g*: [0,11-+X* is injective, it follows by 
compactness that g* is a homeomorphism from [0, l] into X* with the 
w *-topology. cl 
REMARK 2.8. J.J. Schaffer ([9]) started the research on the inner metric of 
unit spheres. His monograph [lo] contains detailed information. Flatness is 
introduced and studied by R.E. Harrell and L.A. Karlovitz ([2], [3], [4], [5]). 
Proposition 2.4 and most of Proposition 2.6 are due to them. The weak*-part 
of Proposition 2.6, and the definition of g on [R instead of [0, I] or [0,2], is from 
A. Bick ([l]). 
3. EXAMPLES: &[O,l], C[O,l], C,[O,l] 
In this section we introduce some classical examples of (completely) flat 
Banach spaces. They will play an essential role in the sequel. 
EXAMPLE 3.1. First we consider Lr[O, 11. Note that, here and in the sequel, 
most statements on elements of L,[O, 11 or L,[O, l] are meant to hold only 
almost everywhere. 
Now define j : [0, l] -+L, [0, I] by 
(9) j(t) = ( -X[O, 2) + X[t, 11) (t E LO, 11) 
(see fig. 1). It is easily checked that (LI 10, 11,j) is completely flat according to 
Definition 2.1. (Note that x[~,~) = 3(&) -j(t)) (05~ tc I), so all simple 
functions are in spanj[O, 11.) Clearly the corresponding support functionals (cf. 
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Proposition 2.6) are 
(10) .i *w = ( - qo, C) + X[C, 11) E La WY 11 0 E Kh 11). 
EXAMPLE 3.2. Define h: [0, l]-+C[O, l] by 
(11) h(t):td-2jt-r( (t,tE[O,l]) 
(see fig. 2). Now (C[O, l],h) is flat. 
EXAMPLE 3.3. In Example 3.2 it is not hard to see that span {h(t): t E [0, 11) 
consists of all piecewise linear functions on 10, l] with opposite values in 0 and 
1. So span {h(t): t E [0, I]} is the subspace of C[O, 11 with codimension 1, 
consisting of all continuous functions on [0, l] with opposite values in 0 and 1. 
We call this space C, [0, 11. Now (C, [0, 11, h) is completely flat. The support 
functionals are 
(12) II *co = St E (C, ro, 1 I) * (f E PI, 11) 
with 6, the point evaluation at t. 
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REMARK 3.4. In [l], the space C,(T) is defined as the Banach space of all 
continuous functions on a circle T having opposite values at opposite points, 
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with the sup-norm (cf. [lo, 21H]). Clearly this space is isometric to C, [0, l] 
(restrict the elements of C,(T) to one half of T). 
4.THE SPACEXo 
Let us give another example. 
EXAMPLE 4.1. Define /I * I/e on L,[O, l] by 
(13) Ilxll,=sup {I(x,j*(t))):OStll} (XELr[O,l]). 
This is a norm on Lr [0, 11, since if I/x11,,= 0 then 
(X,X[&l)) = <x,Hj*@) -j*(o)) =o, 
so in particular all coefficient functionals of the Haar basis vanish on x, and 
therefore x = 0. 
Let X0 be the completion of Li[O, l] equipped with this norm, denote the 
extension of /I. /I0 to X0 again by 11. I/,,, let &,:L,[O, 11-+X0 be the identity 
embedding, and write gO=lOoj. By (13), 111011 s 1 and IIge(t)Ije= 1 (Osts l), so 
clearly (X0, go) is completely flat. 
For all t E [0, l] we have 
<j(t), ~~(g~(O)) = <go(t), go*(t)) = 1 and IlG%&))/I 5 1, 
so, by the uniqueness of j*(t) (Proposition 2.6), 
(14) I,*ogo*=j*. 
Note that from (13) and (14) it follows that 
(15) Il&=sup {Im!g*(t))I:OIt~1} (XEXO). 
This example happens to be nothing but (C, (0, 11, h) in disguise: 
PROPOSITION 4.2. There is a surjective linear isometry E:X,-+C, [0, l] such 
that Eog, = h. 
PROOF. Define 
(16) Ex:w(x,&T)) (xEX,; 05~11). 
Now Ex E C, [0, l] since g$ is a weak *-homeomorphism (Proposition 2.6), and 
g;(O)= -g;(l). By (15), E is an isometry. From (7) and (11) it follows that 
Eogo= h. This implies that EXo is dense in C, [0, 11, so E is surjective. q 
5. A CHARACTERIZATION OF COMPLETELY FLAT BANACH SPACES AS SPACES 
‘BETWEEN' L,[O,l] AND X0 
Now we describe spaces ‘between’ L1 [0, l] and X0, which are easily seen to 
be completely flat. In fact, all completely flat Banach spaces are obtained in 
this way. 
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DEFINITION 5.1. Let X be a Banach space and I:& [0,11+X a bounded 
linear mapping. Suppose that II1(( = 1, IL,[O, l] is dense in X, and that there 
exists a (necessarily unique) bounded linear mapping H:X-X,, such that 
(/HI/ = 1 and No1=I,. 
Then the pair (X,1) is called an lo-factorization. (Note that in fact it is 
sufficient to require l/1/l 5 1, I/HI/ 5 1, since 111011 = 1.) 
There is a one-to-one relationship between all I,-factorizations and all 
completely flat Banach spaces: 
THEOREM 5.2. (a) Let (X,g) be a completely flat Banach space. Then there 
is a unique I,-factorization, called (X, I,), such that g = Igoj. In addition we 
have IFog*=j*. 
(b) Let (X,1) be an &-factorization, and define g =1oj. Then (X, g) is a 
completely flat Banach space, and Ig = I. 
PROOF. (a) First define 
IgX~s,t)=~(g(s)-g(t)) (o~s<t~l). 
Then extend Ig linearly to all simple functions in L1[O, 11, i.e. all functions of 
the form 
j, CtiX[g-,,g) (nElN; O=t~<t,<...<t~=l; ajEll? (i=l,*..,n)). 
(Note that the result is independent of the particular representation of such a 
function.) By Proposition 2.4., for such a function 
Since these simple functions are dense in L1[O, 11, lg can now be extended to a 
linear mapping from L,[O, l] to X, with ~~1,~~ I 1. Furthermore, 
&J(t) = - MO) - g(t)) + H&t) - g(1)) = g(t) (0 22 t 5 l), 
so I,oj=g, ~~Z,~~ = 1, and IgLl [0, I] is dense in X since it contains span g[O, I]. 
The equality Ifog*=j* is proved the same way as (14). It implies that 
Ill,xll~ llxlle for all x~Li[O,l], so the mapping I&V-1,x (x~Li[O,l]) has a 
norm-one extension Hg : X-+X0; satisfying HgoIg =Io. So (X, I,) is an IO- 
factorization. Clearly, by the requirement that Igoj =g, Ig is unique. 
(b) 11~11~1 and 1= IIAOII 2 Ils(OII 2 IlM.W%= 1, so IIg(t)II = 1 (Osts 11, 
and (X,g) is flat. Since span j[O, l] is dense in L,[O, 11, and IL, [0, l] is dense 
in X, span g[O, l] is dense in X. By the uniqueness of Ig (see (a)), Ig=I. 0 
REMARK 5.3. If (X,1) is an &-factorization, and H is as in Definition 5.1, 
then not only is IL,[O, l] dense in X, but also HX is dense in X,,, since 
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HX>l& [0, I]. I is injective, since I0 is injective. But H is not necessarily 
injective, although its restriction to IL,[O, l] is. (See Lemma 8.2.) 
REMARK 5.4. If in the definition of &,-factorization the condition /III/ = 
= IIHll= 1 is deleted, then Theorem 5.2 still holds if in both cases to the 
expression ‘a completely flat Banach space’ is added ‘for some equivalent norm 
on X’. For (a) this is clear. To prove (b), note that 
lllxlll =max W4~ll~ IlfWd (=x1 
defines an equivalent norm on X, and I and H have norm 1 when X is equipped 
with this norm. 
6. A CONSTRUCTION OF ALL COMPLETELY FLAT BANACH SPACES 
In the construction of X0, the subset j*[O, l] of L,[O, l] = (L, [0, l])* was 
used to introduce a new norm on L1 [0, 11. A similar construction is possible 
with j *[O, l] replaced by any set A with j *[0, l] CA CB(L, [0, 11). Clearly it is 
no restriction to consider only sets A that are weak*-closed and absolutely 
convex. 
DEFINITION 6.1. If a subset A of L,[O, l] is weak*-closed, absolutely convex, 
and satisfies j*[O, I] CA CB(L,[O, l]), then A is called an f-norming set. 
If A is an f-norming set, we define 11 . IIA on L1 [0, I] by 
(17) ll&=sup {I(x,x*)l:X*EA} (XEL1W,lI). 
This is a norm (cf. Example 4.1.). The completion of L1 [0, l] equipped with 
this norm is called X,, with norm II . llA. 1,: L,[O, 11+X, is the identity 
embedding. 
There is a one-to-one relationship between all f-norming sets and all I,- 
factorizations (modulo isometries) and thus between allf-norming sets and all 
completely flat Banach spaces (modulo isometries): 
THEOREM 6.2. (a) Let A be an f-norming set. Then (X,,I,) is an I,,- 
factorization, (thus (XA,IAoj) is a completely flat Banach space,) and 
IA*B(XA*) = A. 
(b) Let (X,1) be an &factorization [Let (X,g) be a completely flat Banach 
space and I=I,], and define A =I*B(X*). Then A is an f-norming set, and 
there is a surjective linear isometry T:XA-+X such that ToIA =I [thus 
ToI,oj=gl. 
PROOF. (a) For all xeL1[O, 11, llxll L I/xllA~ I/XI/~, so llI,J I 1, and the 
mapping IAx-Iox (xg L1[O, 11) has an extension HA :XA-+XO with l/HA II I 1, 
HA 01~ =lO. By definition IALl[O, l] is dense in X,. So (X,,I,) is an I,- 
factorization. Clearly IiB(X,$) is the bipolar of A, which is A by the bipolar 
theorem and the definition of f-norming set. 
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(b) A is weak*-compact and absolutely convex, and, since ((Ill = llHl[ = 1 (H 
as in Definition 5.1), j*[O, l] CI,*B(X,*)cA CB(L,[O, 11). So A is f-norming. 
For any x~b[O, 11, IMA = III II x , so the mapping 1,x-1x (XE L1[O, 11) can be 
extended to an isometry T: X,+X, and ToI, = I. Since IL1 [0, l] is dense in X, 
T is surjective. 0 
In addition to Theorem 6.2. we have 
PROPOSITION 6.3. Let A be an f-norming set. Then 12 maps B(X$ w*-w*- 
homeomorphically onto A. 
PROOF. Since IALl[O, l] is dense in X,, 12 is injective. Then the statement 
follows from the’w*-compactness of B(X,$ and the w*-w*-continuity of 12. 
0 
7. MORE EXAMPLES: THE SPACES JFp 
Recall that the James function space JF, introduced in [7], is the completion 
of L1 [0, I] equipped with the norm (1. llJF defined by 
II4rF”SUP ( f, ( 1, x(t)dT)2)+ (XELl[O, 111, 
where the sup is taken over all n~lM, O=re<r,<...<r,=l. 
In [5, proof of Theorem 31 a girth curve is constructed in JF with an 
equivalent norm. A slight modification yields a spanning girth curve ([6]). 
Generalizing this construction gives the following 
EXAMPLE 7.1. Let 1 sp < 03. Define II . IIP on L, [0, l] by 
where the sup is taken over all n E N, 0 I t, < r2 < . . .r,, I 1, and empty sums are 
defined to be 0. Then 11 . lip is a norm on L, [0, I], and 
IIXII~ llxllp2 II& (XEL1Kz 11). 
(For the last inequality, take n = 1.) 
Let JF, be the completion of L1 [0, l] equipped with the norm /I . I(,,, and 
ZP: L, [0, l] + JF, the identity embedding. Then (JF,, IP) is an &factorization, 
so (JF,, 1,oj) is completely flat. 
REMARK 7.2. Note that 
II4rF~ IIxll24wJF (XELKA 11). 
So JF2 is isomorphic to JF. 
REMARK 7.3. Clearly JF, = L, [0, 11. 
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For any xeL, [0, 11, the function pw I/x& (1 _cp< 00) is non-increasing, and 
lim I\x\lp = sup 
P-m OST,ST~51 
max { 1 i x(r))dzl, 1 - i x(z)&+ i x(r)drl) = 
71 3 
= ,,;;y5, max.{ltr3(~*(71)+~*(72)))l~ = Il~llo. 
2 
So defining JF, in the obvious way just yields Xc, and the chain 
{(JF,,Z,d): l~p~oo) 
joins the ‘extreme’ completely flat spaces (JF,, Z, oj) = (L, [0, l],j) and 
VF,, Lo 08 = Wo, go). 
8. SCHAUDER BASES 
Recall that the Haar basis (e,)rzo in ~5, [0, I] can be defined by 
; 
eo =NY ( = X[O, I]) 
(18) 
e2m+k=2md1(-j(2k.2-m-1)+2j((2k+ 1)2-m-1)-j((22k+2)2-m-1)) 
(= -29 [2k.2-m-‘,(2k+ 1)2- m-1) +2”x[(zk+ 1)2-“-l ,(2k+2)2-+ 
(m=O, 1,2 ,...; k=O,l,..., 2m-1). 
Using Proposition 4.2, we see that (Zoe,),“,o is again a Schauder basis in X0, 
since (EZoe,J,“,o is the classical Schauder basis in C, [0, 11. 
L.A. Karlovitz has shown in [6] that (Zge,)rEo is a Schauder basis in X for 
any completely flat Banach space (X, g), provided that (X, g) has a monotone 
norm, i.e. 
2 zg 
/I ( ;i, ajxtL,,ti) + 
aj(fj-fj-l)+clj+l(tj+l-fj) 
tj+1-tj-1 
x11j-19rj+d 
II 
i#j 
itj+l 
(n=2,3, . . . . O=tO<t,<...<r,=l; aj~m (i=l,...,n);j=l,...,n-1). 
It is apparently known to him that the monotonicity is indispensable here. It 
is easily seen that the completely flat Banach spaces (JF,,Z,oj) (Example 7.1) 
have monotone norms. 
But, by the following proposition, neither this nor any similar construction 
can produce a Schauder basis in all completely flat Banach spaces at once. (In 
fact it is conceivable that there exist completely flat Banach spaces with no 
Schauder basis at all.) 
PROPOSITION 8.1. There exists no sequence (x&‘=~ in L, [0, l] such that for 
every completely flat Banach space (X, g), (Z,X,),“,~ is a Schauder basis in X. 
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PROOF. Assume that (~,);‘a is such a sequence. For every completely flat 
Banach space (X, g), let Hg :X-+X, satisfy Hgo Ig = IO. By the following lemma, 
we can choose (X,g) such that Hg is not injective. Then there is an XEX 
with x+0, H,x=O. By our assumption, x= C,“=, &I,x,, for some ~,EIR 
(n=0,1,2 )... ). 
Then 0= Hgx= C,“=, &lox,, so A, = 0 (n = 0, 1,2, . ..). since (l0x,),“=0 is a 
Schauder basis in X0. Thus x=0, a contradiction. q 
LEMMA 8.2. There exists an f-norming set A such that the mapping 
HA :XA+XO with HA 01~ =I0 is not injective. 
PROOF. Let C be an f-norming set such that Ic:L1[O, l]+X is not an iso- 
morphism, i.e. I&[O, I] #Xc (e.g. X,=X,). Then I~:X$+Loo[O, I] is not an 
isomorphism, so by the open mapping theorem span C=I,*X~#L,[O, 11. 
Thus we can choose a* EB(L,[O, I]) \ span C. Then a* is unbounded on 
Li [0, l] equipped with the norm 11 . Ilo, so there is a sequence (a,):‘, in Li [0, I] 
with (a,,a*> = 1 and ila,llc<(l/n) (n= 1,2, . ..). Now take for A the (w*- 
closed) absolutely convex hull of CU (a*). Then A is f-norming, and 
II44 = max 1 IIxlL3 I( x,a*)J} (XELI[O, l]), 
so (a,),“, i is a Cauchy sequence for /I e /IA, and /la,l/A = 1 (n = 1,2, . . . ). 
Therefore (IAa,),“,i converges to a norm-one element aEX,. But Em,,, 
~lan~lO=O, so HAa=lim,,, IOan=O. 0 
REMARK 8.3. In faqt the proof of Lemma 8.2. shows that for any two 
f-norming sets B and C with B> C and 11 . l/B and I( . IIc not equivalent, there 
is an f-norming set A with B>A >C such that the canonical mapping 
H:XAs+Xc satisfying HO& =I, is not injective. 
Proposition 8.1 and its proof give rise to the following questions. 
QUESTION 8.4. Does there exist a completely flat Banach space (X,g) such 
that X has no Schauder basis? 
QUESTION 8.5. Let (X, g) be a completely flat Banach space with Hg : X-X, 
injective. Does it follow that (I,,?,),“,-, is a Schauder basis in X? 
9.FLAT BANACH LATTlCES 
Here we mention some results which show that under certain conditions 
completely flat Banach spaces are necessarily equal to (L, [0, l],j) or (X0, Zcoj). 
PROPOSITION 9.1. Let (X,g) be a completely flat Banach space. Suppose that 
one of the following conditions holds: 
(i) X is isometric to a subspace of a strictly monotone Banach lattice. (A 
Banach lattice is called strictly monotone if 0~x5 y and xfy imply that 
IIXII < IIY II *) 
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(ii) X is isometric to a subspace of an Orlicz function space L,(u) over a 
finite, not purely atomic measure space, such that @ satisfies a AZ-condition at 
infinity. 
Then Ig: L1 [0, l] -+X is a surjective isometry. 
Both conditions hold if X is isometric to a subspace of L,[O, 11. A similar 
result holds for X0 (z C+ [0, l]), but not for subspaces: 
PROPOSITION 9.2. Let (X, g) be a completely flat Banach space. Suppose that 
X is isometric to Xc. Then H,:X-t&, is an isometry. 
The proofs of these propositions will appear in the dissertation of the second 
author. Proposition 9.1. with condition (ii) is essentially taken from [S]. 
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